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A geometric approach to the initial value problem of

geodesics on parametric surfaces

Zhu Zijian, Fu Xiaoming"
School of Mathematical Sciences, University of Science and Technology of China, Hefei 230026, China

Abstract: Objective The initial value problem of geodesics on surfaces is not only a classical and fundamental issue in dif-
ferential geometry but also a topic of considerable significance in a wide range of application domains. From a purely math-
ematical perspective, geodesics represent the natural generalization of straight lines to curved spaces. They describe the
shortest or locally shortest paths constrained to lie on a given surface, thereby making them essential objects of study in
Riemannian geometry and global analysis. Beyond mathematics, geodesics play a crucial role in fields such as geometric
modeling, computer graphics, computer-aided design, robotics, and scientific computing. For example, in geometric mod-
eling and shape analysis, geodesics are used for surface parameterization, shape matching, and feature extraction. In
graphics processing, they provide efficient ways to compute distances, generate texture maps, and design deformations of

complex surfaces. In scientific simulations, they are often indispensable for accurately capturing trajectories or flow lines
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constrained by curved geometries. The wide-ranging importance of geodesics underscores the need for efficient, accurate,
and stable computational methods. According to the traditional practice, geometric methods for computing geodesics
attempt to exploit the intrinsic properties of curves on surfaces. A common sirategy involves iteratively constructing the geo-
desic path by Taylor expansions. The position of the curve at subsequent steps can be estimated by applying Taylor expan-
sions, thereby propagating the geodesic path forward. This geometric approach has the advantage of offering clear intuition
and relatively simple formulations. However, in practice, it often encounters severe limitations in terms of accuracy and
computational efficiency. Given that Taylor expansions truncate high-order terms, local errors accumulate along the geode-
sic trajectory, thereby resulting in noticeable global deviations. Furthermore, iterative propagation tends to involve
repeated geometric computations that can be time-consuming for complex surfaces. Our work addresses these challenges by
introducing several enhancements to the traditional geometric framework. Method The first and most important improve-
ment builds on a key geometric property of geodesics: at any point on a smooth surface, the curvature vector of a geodesic
lies parallel to the surface normal vector. This fact allows us to establish a direct and robust formulation for computing cur-
vature vectors without relying on approximations that introduce unnecessary complexity or numerical instability. Given that
arc-length-parametrized curves have tangent vectors of unit length, we can improve the computational accuracy even fur-
ther. We derive a new method for computing the curvature vector that reduces the number of intermediate steps and elimi-
nates certain sources of numerical error by combining these two observations. This approach not only makes the computa-
tion process straightforward but also significantly improves numerical accuracy. As a consequence, the overall geometric
algorithm achieves a good balance between computational simplicity and precision. Second, related error estimations for
the improved geometric method are provided. Result Extensive experimental evaluations have been conducted to validate
the proposed method. Comparative studies were conducted with respect to one state-of-the-art geometric method and one
classical numerical method. The results are compelling. Compared with the geometric method, our method reduces run
time by approximately 25% in terms of computation time. This reduction translates to substantial savings when dealing with
large-scale problems or real-time applications. The improvements in accuracy are particularly striking: our method
achieves precision gains of 1 to 3 orders of magnitude over the geometric method. For perspective, the computation time
needed by the geometric method should be at least 13 times that of our method to achieve the same level of accuracy. Such
an improvement highlights the efficiency of our formulation and its potential to handle demanding computational tasks. In
comparison with the numerical method, the advantages of the proposed method are equally noteworthy. In particular, the
run time of our approach is reduced by approximately 75% relative to the numerical method, thereby making it significantly
faster. In terms of accuracy, the numerical method can attain high accuracy under certain circumstances ; however, it often
exhibits substantial variability depending on the surface geometry. By contrast, our method provides consistently stable
accuracy across different test cases, thereby demonstrating its robustness. This stability is particularly valuable in applica-
tions such as simulation or optimization. Conclusion The implications of these findings are broad. The proposed method
offers a reliable solution for surface geodesic computation by integrating theoretical soundness with practical efficiency. It

preserves the desirable property of computational stability inherited from the original geometric framework while simultane-

ously achieving high levels of accuracy and efficiency. The ability to balance these three aspects precision, efficiency,

and stability is rarely observed in existing methods, which tend to optimize one aspect at the expense of the others.
Consequently, the proposed method, which can meet the requirements of diverse applications ranging from academic
research to industrial deployment, stands out as a more practical and versatile solution than existing methods. The contribu-
tions of this work can be summarized as follows. First, we introduce a novel formulation for computing the curvature vector
of geodesics, grounded in fundamental geometric properties. This formulation simplifies computations while improving
numerical accuracy. Second, we provide rigorous error estimations. Third, comprehensive experimental evaluations show
that the performance of the proposed method is superior to that of the geometric method in accuracy and run time, whereas
it outperforms the numerical method in terms of computational stability and efficiency. Together, these contributions estab-
lish a method that not only advances the state of the art in geodesic computation but also expands the practical applicability
of geometric algorithms to highly challenging and large-scale scenarios.
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Fig.2 Surface 1 and geodesics along three different directions
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Fig. 10  Surface 3 and geodesics along two different directions
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1 on surface 3

HK =1le-2/em

HK = 5e-3/cm

K = le-3/em HK = 5e-4/em K = le—4/em

i W /em B A] /s W2 /em ] /s W2i/em  WHEs R 2Eem  WHES S REZEem  HHE/S
Zhang 6.15e=3  1.6le-1  3.03e-3  3.16e-1  6.00e—4 1.60  2.99e-4 317  5.98¢-5 16.0
Beck 1.74e-8  455e-1  8.58e-9  8.64e-1  6.70e-10 435  1.59-10 862  7.30e-12 474
A3 244e-4  1.14e-1  1.19e-4  232e-1  234e-5 117 1.17e-5 231 23le—6 12.0

T L PR R 5 B R A2 2R

B 11

Surface 4 and geodesics along two different directions

Hi T 4 Z2 s PSS TR) ) [l 17 0 s 24
Fig. 11

R4 3—5 - TR 9 K e 2 R 3 pY4E T
M1, Zhang 5 A (2019) 5 i (AR RIR 22 2
O(As), BIY 25Kl Ry Sk 19 1710 B, 1 380KS B 25
PETNFRI 10 f5 24 o T T AR SO e
FE B Lt Zhang Ik 2088 1 1M, HAETT
B R] B> T 25% A, B AT Zhang 7 IR BLIR
B 52305 g AR TR K B K, s (4 31 B3 s )
2D AR ST 1345

Zhang J7 % F Beck J7 &Y A8 S50l LI R
WEFE, I HAETHA AL R b o6 Kl 1 2 ) £ S — By
P TR . R, AR SCH 1 Zhang 7715 Fll Beck
D5 152 HRE R T Bt S ] S (14 1E ) S 450 T



$31%5 /FE 485 /2026 F£4 B

KFE, EEMN
SRS H e T 3t £ A0 1) 1 JL AT 7 vk

*F4 HHE4LEBdu :

dv=0.5:

LOFmBERILE

Table 4 Comparison of results along the directiondu : dv = 0.5 : 1 on surface 4
) $K = le-2/cm HK =5e-3/cm FK = le-3/em HK = 5e-4/cm Ak = le-4/cm
i B2lem  HHEs B2%em B B2E/em  BHEs BR2E/em  WHE/S $R2Eem /S
Zhang 9.21e-1 1.62 4.35e-3 8.7%-1 2.75e-3 4.65 1.76e-3 8.57 4.76e-4 47.45
Beck 4.02e-6 1.21 1.06e-6 2.59 2.64e-8 12.37 1.04e-8 23.07 3.65e-10 128.85
AL 1.86e-3 3.07e-1 1.06e-3 6.10e-1 2.49¢e-4 3.38 1.27e-4 6.53 2.60e-5 33.07

T ML P RS R 25 S e A2 2R

R5 HHE4ERd :

dv=0.6 :

Table 5 Comparison of results along the direction du :

1.0 HY R L

dv=0.6 : 1onsurface 4

H K = le-2/em H K =5e-3/cm

HK = le-3/em

H K = Se-4/cm $ K = le-4/cm

i W /em I 1] /s P2 /em I ] /s WElem  WHE/s  RFElem  BHE/Ss RE/lem  BHE)/S
Zhang 7.02e-1  373e-1  699%-1  1.59 9.96e-1 791 33le-1 925  44le-2 50.10
Beck 9.75¢-6  1.30 2.50e-7  2.55 535¢-9 1241  1.95¢-10 2473  5.69e-10  122.94
A3 1.03e-2  33le-1  647e-3  6.63e-1  1.53e-3 321 7.82¢4 637  1.59e-4 31.43

T L RS S e LA R

EAS TR B0 2, 2 it T oA JLT- &b 4k I8 B T f ) 1 )
Z Rt T (0 B REASHI T I, A SO RS T Zhang
T3 R Beck 7 VA REAS Jre IRt T 25 AR P

ZH SRR AR ST A SO AT
THEE S 8] F %2 Zhang J7 %554 T 29 25%, [A) B 35
KEEEARTE T 1~3 4 9. Beck HUBUE 7 14 B AR
TESFSEE B0 T Al 35 2R m i35k B2 L (H A 34
W A BREE . o, HO TR BE AR e B RR, oz BIR
FEARTEE , HMELA AL, an &l 3—& 5 s s Hok, oA
JEAEAN ] T ) P SR o an, e it i 1A 3
B O RORS EAL T A SO i B e 2 B T
SORG BEHE 2AR T Zhang 7512 5 )5, BB TE [R] — i i
R T)— 5 1) b, B AL A i) , H SR L R 3
R E Y, nE 7 A 8 s, s B
AR TR B S MR A B0 . AR SCHGE e
AL ISR & 1 A LA J5 kSRR 4 [
B, ] DUk 9e 3 Beck BB J7 i HH BRI [R) R,
A SR HI A

4 &5
AR T — 5 M R T e —

Ak i S e B 7k A R L X 2 A 8L 5
VEVEAT TRt o OIS R LA R AT A AR

WIFETE T 425%, 1 H R F4RFE T 1~3
AR, XK , Zhang )7 35 Bk F] 5 AR L
J5 WA TR A TSRS B, i i ) A e [ &
ARIOTER 1365, A AR SGRRE T 7575 Beck
P2 BB D R T TR ZER IR S AR SO
IRAERT[E] L L Beck BT V49948 T 75%, TE TR B
D50, PR AL 5 Beck 7 V5 OAS E R I AT
E, BRSSO N AAEAE JE BRI AL Z T AR
T R JE AR IS, Rl B 5 25 K /N T R4
£75 ) WS N A R 4ot M U I e SR S K

T TR R AR SO ik R ) J LT A b
VIR S T . RO R RS T
ST S (1 TE N S Bt T (T ARG B S AR T T
ez B —mem . HIERET AT IR T i
b T, i i 6 T S il T ) v S ARG, D ]
B3 250 B AR T 158 22 1 K, 2 I 6 T BA0RG B AR
PP AEARISEN o AR SCHTR LA 7 s 3 T Fy
W RIT A R = — L R 2 =B B R,
WA B 0 SRR AR R A i 22 , AT 4 T35k i G B 5
FUEME. AR, TR L kil SR Rl Ty i, 3438
i — R BN H EEAR  TERR R 2 AT
o TR S SRR AR ORI R, HHIF IR
Wi 22 B faf BB n . L, Al A 550 M O 45 il
AR 2 Bt R METHIR AR &

1253



1254

PEERBEF ik

JOURNAL OF IMAGE AND GRAPHICS

Vol. 31,No. 4,Apr. 2026

BT

2 % 30k (References)

Beck J, Farouki R and Hinds J. 1986. Surface analysis methods. IEEE
Computer Graphics and Applications, 6 (12) : 18-36 [DOI: 10.
1109/MCG.1986.276587]

Bose P, Maheshwari A, Shu C and Wuhrer S. 2011. A survey of geode-
sic paths on 3D surfaces. Computational Geometry, 44 (9) : 486-
498 [ DOI: 10.1016/j.comgeo.2011.05.006 |

Bulut V, Onan A and Senyayla B. 2024. Obtaining the optimal shortest
path between two points on a quasi-developable Bézier-type surface
using the Geodesic-based Q-learning algorithm. Engineering Appli-
cations of Artificial Intelligence, 136: #108821 [DOI: 10.1016/.
engappai.2024.108821 |

Chen D, Zhu J, Zhang X X, Shu M L and Cohen L D. 2021. Geodesic
paths for image segmentation with implicit region-based homogene-
ity enhancement. IEEE Transactions on Image Processing, 30:
5138-5153 [ DOI: 10.1109/T1P.2021.3078106 ]

Chen S G. 2010. Geodesic-like curves on parametric surfaces. Computer
Aided Geometric Design, 27(1): 106-117 [DOI: 10.1016/j.cagd.
2009.10.001 |

Chen W H. 2017. Differential Geometry. 2nd ed. Beijing: Peking Univer-
sity Press: 21-231 (R4EFE . 2017, S0 JLAAT .2 A . db st dbat R
FHREL) : 21-231

Chen Y D and Li L. 2016. Smooth geodesic interpolation for five-axis
machine tools. IEEE/ASME Transactions on Mechatronics, 21(3) :
1592-1603 [ DOI: 10.1109/TMECH.2016.2521683 ]

Chen Y D, Li L and Tang W. 2016. An improved geodesic algorithm for tra-
jectory planning of multi-joint robots. International Journal of Advanced
Robotic Systems, 13(5): 1-10 [DOI: 10.1177/1729881416657742 ]

Cheng P, Miao C Y, Liu Y J, Tu C H and He Y. 2016. Solving the ini-
tial value problem of discrete geodesics. Computer-Aided Design,
70: 144-152 [DOI: 10.1016/j.cad.2015.07.012 ]

Debout P, Chanal H and Duc E. 2011. Tool path smoothing of a redun-
dant machine: application to automated fiber placement. Computer-
Aided Design, 43(2): 122-132 [ DOI: 10.1016/j.cad.2010.09.011 |

Do Carmo M P. 1976. Differential Geometry of Curves and Surfaces.
Englewood Cliffs: Prentice-Hall: 220-320

Hotz I and Hagen H. 2000. Visualizing geodesics//Proceedings of IEEE
Visualization 2000. Salt Lake City, USA: IEEE: 311-318 [DOI:
10.1109/VISUAL.2000.885710 ]

Kanai T and Suzuki H. 2000. Approximate shortest path on a polyhedral
surface based on selective refinement of the discrete graph and its
applications//Proceedings of Geometric Modeling and Processing
2000: Theory and Applications. Hong Kong, China: IEEE: 241-
250 [DOI: 10.1109/GMAP.2000.838256 |

Kasap E, Yapici M and Akyildiz F T. 2005. A numerical study for com-

putation of geodesic curves. Applied Mathematics and Computa-
tion, 171(2): 1206-1213 [DOI: 10.1016/j.amc.2005.01.109 |

King N, Ruuth S and Batty C. 2024. A simple heat method for comput-
ing geodesic paths on general manifold representations//Proceed-
ings of SIGGRAPH Asia 2024 Posters. Tokyo, Japan: ACM: #69
[DOI: 10.1145/3681756.3697920

Kumar G V V R, Srinivasan P, Holla V D, Shastry K G and Prakash B
G. 2003. Geodesic curve computations on surfaces. Computer
Aided Geometric Design, 20(2): 119-133 [DOI: 10.1016/S0167-
8396(03)00023-2]

MaY Q, Li Z K and Wang X Z. 2011. Research on interactive algorithm
of teeth segmentation based on geodesic path. Journal of Image and
Graphics, 16(4): 554-558 (L4, 228 Fk, FJePE. 2011, %
T s AR ) O I AR S T BB v [ I g R A
%, 16(4): 554-558) [DOI: 10.11834/jig.20110412]

Maekawa T. 1996. Computation of shortest paths on free-form parametric
surfaces. Journal of Mechanical Design, 118(4) : 499-508 [DOI:
10.1115/1.2826919 ]

Martinez D, Velho L and Carvalho P C. 2005. Computing geodesics on
triangular meshes. Computers and Graphics, 29(5) : 667-675 [ DOI:
10.1016/j.cag.2005.08.003 |

Ouyang H, Jin L B and Deng J S. 2008. Computation of geodesic lines
between two points on algebraic surfaces. Journal of University of
Science and Technology of China, 38(9): 1068-1074 ( Kk BH %%,
G RAE, XA . 2008, ACK i B2 p AT . ERR A
AR, 38(9): 1068-1074)

Patrikalakis N M and Bardis L. 1989. Offsets of curves on rational B-
spline surfaces. Engineering with Computers, 5(1) : 39-46 [ DOI:
10.1007/BF01201996 ]

Polthier K and Schmies M. 2006. Straightest geodesics on polyhedral sur-
faces//Proceedings of ACM SIGGRAPH 2006 Courses. Boston,
USA: ACM: 30-38 [DOI: 10.1145/1185657.1185664 ]

Potamias R A, Neofytou A, Bintsi K M and Zafeiriou S. 2022. Graph-
Walks: efficient shape agnostic geodesic shortest path estimation//
Proceedings of 2022 IEEE/CVF Conference on Computer Vision
and Pattern Recognition Workshops (CVPRW). New Orleans,
USA: IEEE: 2967-2976 [ DOIL: 10.1109/CVPRW56347.2022.00335 |

Sharp N and Crane K. 2020. You can find geodesic paths in triangle
meshes by just flipping edges. ACM Transactions on Graphics,
39(6): #249 [DOI: 10.1145/3414685.3417839 ]

Shou H H, Wu X J and Yang L. 2019. Constructing discrete surface
through given discrete geodesics. Journal of Computer-Aided Design
and Computer Graphics, 31(5): 736-742 (44T, el % .
2019. LA 2 2% By B 26 S D0 b 2 A 3t g 80 o AL B i
5 BB A% 2 4, 31(5) : 736-742) [DOI: 10.3724/SP.J.1089.
2019.17383 ]

Surazhsky V, Surazhsky T, Kirsanov D, Gortler S J and Hoppe H. 2005.
Fast exact and approximate geodesics on meshes. ACM Transactions

on Graphics, 24(3): 553-560 [ DOI: 10.1145/1073204.1073228 |



$31%5 /FE 485 /2026 F£4 B

KFE, HEH
SK A7 S5 il T 0 3 2 200 1) R B JL 1) 7 ik

Wang X N, Fang Z, Wu J J, Xin S Q and He Y. 2017. Discrete geode-
sic graph (DGG) for computing geodesic distances on polyhedral
surfaces. Computer Aided Geometric Design, 52-53: 262-284
[DOI: 10.1016/j.cagd.2017.03.010]

Yuan N, Wang P H, Meng W L, Chen S M, Xu J, Xin S Q, et al.
2023. A variational framework for curve shortening in various geo-
metric domains. IEEE Transactions on Visualization and Computer
Graphics, 29(4): 1951-1963 [ DOL: 10.1109/TVCG.2021.3135021 |

Zhang P, Sun R L and Huang T. 2015. A geometric method for computa-
tion of geodesic on parametric surfaces. Computer Aided Geometric
Design, 38: 24-37 [ DOI: 10.1016/j.cagd.2015.08.001 |

Zhang P, Xiong J and Huang L. 2019. An efficient method for computa-
tion of geodesic on B-spline surfaces//Proceedings of 2019 Interna-
tional Conference on Advances in Construction Machinery and
Vehicle Engineering. Changsha, China: IEEE: 311-316 [ DOI: 10.
1109/ICACMVE.2019.00067 ]

Zhao J L, Xin S Q, LiuY J, Wang X C, Wu Z K, Zhou M Q , et al.

2015. A survey on the computing of geodesic distances on meshes.

SCIENTIA SINICA Informationis, 45(3): 313-335 GEAEHT, 1K,
X, FRESE, RAPR, B4, %2015, MAESEIR 1 A5
AUk . E R F AR, 45(3): 313-335 [DOI: 10.
1360/N112014-00018 ]

Zhou G, Wu Y J, Song D Y and Li A. 2010. Geodesics on triangular
meshes surface based on MMP. Journal of Image and Graphics,
15(8): 1260-1268 (JH NI, BS A, REEE, ZF% . 2010. T
MMP = 1 il 0 e 6 50k E 5T . b B R B 44, 15(8)
1260-1268) [ DOI: 10.11834/jig.20100805 |

EZE N

Rpdt, B R A WS 0 TR LA

E-mail : 630686185@qq.com

20 EEIEH, B BB, F LW Tr R LR 27
A1 FRIMEAL S EE R LR R L AR PS4

E-mail : fuxm@ustc.edu.cn

1255



